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ABSTRACT
A paratopism is an action on a Latin hypercube of dimension d and order n which is an element
of the wreath product Sn ≀ Sd+1. A paratopism is said to be an autoparatopism if there is at least
one Latin hypercube which is mapped to itself under the action of the paratopism. In this paper we
classify autoparatopisms of Latin cubes given d = 3 and n ∈ Z+, upto the conjugacy in Sn ≀ S4.
In order to achieve this objective, we prove that given an autoparatopism σ ∈ Sn ≀ Sd+1, all the
conjugates of σ are autoparatpisms. Also, an important condition is presented, which states that the
cycle structure of the δ in the element σ = (α1, α2, α3, α4; δ) of Sn ≀ S4 determines the conjugacy.
Keywords Autoparatopism · Conjugates · Latin cube · Latin Square · Paratopism
1 Introduction
1.1 Background
A Latin square of order n (where n ∈ Z+) is an n× n array which contains n distinct symbols, such that each symbol
occurs exactly once in each row and each column as defined in [1]
The word "Latin Square" was assigned to above defined n×n arrays because the Swiss mathematician Leonhard Euler
used Latin characters as symbols in his mathematical papers. Korean mathematician Choi Seok-jeong was the first
person to publish an example of a Latin Square in 1700, (67 years prior to Euler).
The motivation was gained from [2] to extend its results to cubes. Primarily it was questioned that what results
regarding autoparatopisms on Latin squares are true for Latin cubes.
Applications of Latin squares, Latin Cubes and Latin hypercubes can be found in areas such as Statistics (design
of experiments), Mathematics (generalizations of groups, and operations in to n-ary sense), Coding (error correcting
codes) and as Mathematical puzzles.
1.2 Basic notations and definitions
We adopt the definitions regarding to Latin hypercubes from [3] and change them appropriately for cubes as in the
following manner. Let n ∈ Z+. We denote the set {1,2,...,n} by [n], and [n] × [n] × [n] by [n]3. Also an element
(i1, i2, i3) ∈ [n]
3 is denoted by ~v. A 3-dimensional array of n3 cells is said to be a cube of order n if each entry is
assigned by an element of [n]. The entry at ~v of a cube C is denoted byC(~v) orC(i1, i2, i3). Let C be a cube of order n,
Let i1, i2, ...ik−1, ik+1, ..., i3 ∈ [n] be fixed with 1 ≤ k ≤ 3. Then the set {(i1, i2, ...ik−1, ik, ik+1, ..., i3) : ik ∈ [n]}
is called a line of the cube C. Note that the cube C has 3n2 lines. C is said to be a Latin Cube if for every line l of C,
{C(~v) : ~v ∈ l} = [n]. The set {(i,j,k,C(i, j, k)) : i, j, k ∈ [n]} is called the orthogonal array representation of C and
we denote it by O(C).
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1.3 Basic concepts
The identity in Sn is denoted by ǫ throughout this paper. (Sn is the symmetric group acting on [n].) Also, the
convention that permutations act from right is adopted throughout this paper. Now, we start our discussion on
actions on a Latin cube. Let θ = (α1, α2, α3, α4) ∈ Sn
4 and C be a Latin cube of order n. Now θ acts on every
(i, j, k, C(i, j, k)) ∈ O(C) such that i is permuted by α1, j is permuted by α2, k is permuted by α3, C(i, j, k) is
permuted by α4. Then the resulting Latin cube is denoted by C
θ . Therefore, for each i, j, k ∈ [n], Cθ(i,j,k) =
C(iα−11 , jα
−1
2 , kα
−1
3 )α4. The map θ is called an isotopism and C
θ is said to be isotopic to C.
Lemma 1.1. θ is an autotopism of a Latin cube C if and only if C(i, j, k)α4 = C(iα1, jα2, kα3) for each i, j, k ∈[n].
Proof. Suppose θ is an autotopism of a Latin cube C. Now C(i, j, k) = Cθ(i, j, k) for each i, j, k ∈ [n]. That is,
C(i, j, k) = C(iα−11 , jα
−1
2 , kα
−1
3 )α4 for each i,j,k∈[n]. Without loss of generality, we replace i by iα1, j by jα2, k
by kα3 in the above expression. Therefore, C(i, j, k)α4 = C(iα1, jα2, kα3) for each i,j ∈ [n]. Conversely suppose
C(i, j, k)α4 = C(iα1, jα2, kα3) for each i,j,k ∈ [n]. Now, by replacing i by iα
−1
1 , j by jα
−1
2 and k by kα
−1
3 , we have
C(i, j, k) = C(iα−11 , jα
−1
2 , kα
−1
3 )α4 for each i,j,k ∈ [n]. Hence, C = C
θ . Therefore, θ is an autotopism of C.
If θ = (α, α, α, α) ∈ Sn
4 with Cθ = C then, α is said to be an automorphism of Latin cube C of order n.
Now we define Pn to be the wreath product of Sn ≀ S4. Let σ ∈ Pn and denote σ as follows. σ = (α1, α2, α3, α4; δ)
where α1, α2, α3, α4 ∈ Sn and δ ∈ S4. Then, σ acts on every (i, j, k, C(i, j, k)) ∈ O(C) for a Latin cube
C of order n such that i, j, k, C(i, j, k) are permuted by α1, α2, α3, α4 respectively. Then the resulting 4-tuple
(iα1, jα2, kα3, C(i, j, k)α4) is permuted by δ. Finally resulted Latin cube, by considering permuted 4-tuples by δ
as an orthogonal representation of a new Latin cube is denoted by Cσ . σ is said to be a paratopism.
Example 1.1. Suppose (i, j, k, Lc(i, j, k)) ∈ O(C) for some Latin cube C of order
n. If δ=(14) then (i, j, k, C(i, j, k))σ = (C(i, j, k)α4, jα2, kα3, iα1). If δ = (1432) then
(i, j, k.C(i, j, k))σ=(jα2, kα3, C(i, j, k)α4, iα1).
If C=Cσ then σ is said to be an autoparatopism of Latin cube C. It can be observed that an isotopism is a special case
of an autoparatopism with δ=ǫ.
In this paper, a classification of autoparatopisms of Latin cubes of order n is presented. Autoparatopisms are classified
up to conjugacy of autoparatopisms, given the cycle structure of δ in an autoparatopism σ.
2 The Construction of Mathematical Tools
2.1 Cycle Structures
It is well known that, for each α ∈ Sn, α can be written as a product of disjoint cycles. If there is any cycle of α which
is of length 1, it is said to be a fixed point. Set of all the fixed points of α is denoted by Fix(α). The cycle structure
of α is denoted by cλ11 · c
λ2
2 · ... · c
λm
m where there are λi cycles of length ci and c1 > c2 > ... > cm ≥ 1. Note that
n =
m∑
i=1
ciλi. When λi = 1, c
1
i
is denoted by just writing ci. If i is a point moved by cycle C in α, then it is said
that i is in C and denoted by i ∈ C. Length of C (size of the orbit) is denoted by o(C). If i ∈ C and o(C) = c for a
permutation α, it is written that oα(i) = c.
Example 2.1. Let α = (123)(4)(5) ∈ S5. Now c1 = 3, λ1 = 1, c2 = 1, λ2 = 2., Now, 2 ∈ (123) and o((123)) = 3,
therefore oα(2) = 3.
As in [2], a permutation in Sn is said to be expressed in its Canonical form if, it is written as a product of disjoint
cycles (Which includes 1-cycles corresponding to fixed points.) and the cycles are ordered according to their length,
starting with the longest cycle and each c-cycle is of the form (i, i + 1, ..., i + c − 1), (with i being referred as the
leading symbol of the cycle.) and, if a cycle with leading symbol i is followed by a cycle with leading symbol j, then
i < j.
Example 2.2. (123)(45)(6), (123456), (12)(34)(56) ∈ S6
2
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2.2 Conjugates
α1 ∈ Sn is said to be conjugate to α2 ∈ Sn if there is a β ∈ Sn such that α2 = β
−1α1β. We denote α1 being
conjugate to α2 by α1 ∼ α2. Also σ1 ∈ Sn ≀ S4 is said to be conjugate to σ2 ∈ Sn ≀ S4 if there is a τ ∈ Sn ≀ S4 such
that σ2 = τ
−1σ1τ . Similarly the notation σ1 ∼ σ2 is used to denote σ1 being conjugate to σ2. Note that "∼" defines
an equivalence relation on Sn (or Sn ≀ S4).
Lemma 2.1. α1 ∈ Sn and α2 ∈ Sn are conjugate if and only if they are of the same cycle structure.
Proof. Suppose α1 and α2 are conjugate in Sn. Then there is β ∈ Sn such that α2 = β
−1α1β. Let i ∈ [n]. Then
there is j ∈ [n] such that (i)α1 = j. Now, ((i)β)α2 = ((i)β)β
−1α1β = ((i)α1)β = (j)β. Thus, if α1 maps i to j
then α2 maps (i)β to (j)β. Hence α1 and α2 have the same cycle structure. Conversely suppose both α1 and α2 have
the same cycle structure. Now we construct a β ∈ Sn such that for every cycle (a1a2...ak) in α1, we choose a cycle
(b1b2...bk) of length k from α2 and map each ai to bi. Then β
−1α1β = α2. Hence α1 ∼ α2.
The Hamming distance dist(C,C′) between two Latin cubes C and C′ of same order is defined as the cardinality of
the set {d ∈ O(C) : d 6∈ O(C′)}. Note that If σ ∈ Sn ≀S4 then, σ is an autoparatopism if and only if dist(C,C
σ) = 0.
Now we extend theorem 2.1 and theorem 2.2 of [4] to Lemma 2.2: and Theorem 2.2 respectively and appropriately
as follows.
Lemma 2.2. Suppose σ1 and σ2 are conjugate in Sn ≀ S4. Then, σ1 is an autoparatopism if and only if σ2 is an
autoparatopism.
Proof. Since σ1 and σ2 are conjugate in Sn ≀ S4, there is τ ∈ Sn ≀ S4 such that σ2 = τ
−1σ1τ . Suppose σ1 is an
autoparatopismof a Latin cube C. Therefore,C = Cσ1 . Subsequently we haveCτ = Cσ1τ by applying same action on
the both sides of the equation. Hence, dist(Cτ , Cσ1τ ) = 0 .In order to show that, σ2 is an autoparatopism of the Latin
cube Cτ we compute the hamming distance between Cτ and Cτσ2 . That is, dist(Cτ , Cτσ2) = dist(Cτ , Cτ(τ
−1
σ1τ)) =
dist(Cτ , Cσ1τ ) = 0. Therefore we have the required result. Proving the converse is about just interchanging the roles
of σ1 and σ2.
Theorem 2.3. Let σ1 = (α1, α2, α3, α4; δ1) ∈ Sn ≀ S4 and σ2 = (β1, β2, β3, β4; δ2) ∈ Sn ≀ S4. Then, σ1 is conjugate
to σ2 in Sn ≀ S4 if and only if there is a length preserving bijection η from the cycles of δ1 to the cycles of δ2 such that
if η maps a cycle (a1...ak) to (b1...bk) then αa1αa2 ...αak ∼ βb1βb2 ...βbk .
Proof. Suppose σ1 is conjugate to σ2 in Sn ≀S4. Then there is τ = (γ1, γ2, γ3, γ4; δ3) ∈ Sn ≀S4 such that σ2 = τ
−1σ1τ .
Case I: δ3 = ǫ. If δ1 = ǫ then σ2 = τ
−1σ1τ = (γ
−1
1 , γ
−1
2 , γ
−1
3 , γ
−1
4 ; ǫ)(α1, α2, α3, α4; ǫ)(γ1, γ2, γ3, γ4; ǫ).
That is (β1, β2, β3, β4; δ2) = (γ
−1
1 α1γ1, γ
−1
2 α2γ2, γ
−1
3 α3γ3, γ
−1
4 α4γ4; ǫ). Therefore δ2 = ǫ. Hence we take η
to be the map which assigns each 1-cycle to itself. Now η preserves the length of cycles of δ1. Also we ob-
serve βi = γ
−1
i
αiγi for 1 ≤ i ≤ 4. Thus, βi ∼ αi for 1 ≤ i ≤ 4. If δ1 6= ǫ then it has non-fixed
points. σ2 = τ
−1σ1τ = (γ
−1
1 , γ
−1
2 , γ
−1
3 , γ
−1
4 ; ǫ)(α1, α2, α3, α4; δ1)(γ1, γ2, γ3, γ4; ǫ). That is (β1, β2, β3, β4; δ2) =
(γ−11 α1γ1δ1 , γ
−1
2 α2γ2δ1 , γ
−1
3 α3γ3δ1 , γ
−1
4 α4γ4δ1 ; δ1). Therefore δ2 = δ1. Hence we take η to be the map which as-
signs each cycle to itself. Now η preserves the length of cycles of δ1. Also we observe βi = γ
−1
i
αiγiδ1 for 1 ≤ i ≤ 4.
If i is a fixed point of δ then βi = γ
−1
i
αiγi. Hence, βi ∼ αi. If i is a non-fixed point, then there is cycle (a1a2...ak) of
δ1 such that i ∈ (a1a2...ak). Thus, βaj = γajαajγ
−1
aj+1
for 1 ≤ j ≤ k − 1. When j = k we have βak = γakαakγ
−1
a1
.
Therefore βb1βb2 ...βbk = γ
−1
a1
αa1αa2 ...αakγa1 . Thus, αa1αa2 ...αak ∼ βb1βb2 ...βbk .
Case II: δ3 6= ǫ. Now we write τ = τ1τ2 where τ1 = (γ1, γ2, γ3, γ4; ǫ) and τ2 = (ǫ, ǫ, ǫ, ǫ; δ3). Now observe
that, σ2 = τ
−1σ1τ = (τ1τ2)
−1σ1(τ1τ2) = τ
−1
2 (τ
−1
1 σ1τ1)τ2. Therefore, τ
−1
1 σ1τ1 is conjugated by τ2. Hence say
τ−11 σ1τ1 = (µ1, µ2, µ3, µ; δ1). Now, (µ1, µ2, µ3.µ; δ1) can be found by applying Case I of this proof. Now, we obtain
σ2 = (ǫ, ǫ, ǫǫ; δ
−1
3 )(µ1, µ2, µ3, µ; δ1)(ǫ, ǫ, ǫ, ǫ; δ3) = (µ1δ−1
3
, µ2δ−1
3
, µ3δ
−1
3 , µ4δ−1
3
; δ−13 δ1δ3). Since δ2 = δ
−1
3 δ1δ3 we
take η to be the map which assigns each cycle (a1, a2, ..., a3) to ((a1δ3)(a2δ3), ...(akδ3)). Hence it is clear that η
preserves the lengths. It can be observed that η also agrees the condition αa1αa2 ...αak ∼ βb1βb2 ...βbk .
Conversely suppose the existence of η satisfying the given condition. We know that S4 has permutations of cycle
structures 14, 3.1, 2.12, 22 and 4. Given a cycle structure, all the permutations in S4 with that cycle structure results
similar proofs. Hence we only prove the results for the cases δ1 = (12), (123), (1234), (12)(34). (δ1 = ǫ case is
trivial.) Also we assume η to be the identity to omit the repetition of similar cases.
3
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If δ1 = (12) then, α1α2 ∼ β1β2, α3 ∼ β3 and α4 ∼ β4. Thus, there exist r, s, t ∈ Sn such that r
−1α1α2r = β1β2,
s−1α3s = β3 and t
−1α4t = β4. Choose τ ∈ Sn to be (r, α
−1
1 rβ1, s, t; ǫ). Then τ
−1σ1τ = (β1, β2, β3, β4; (12)) = σ2.
If δ1 = (123) then, α1α2α3 ∼ β1β2β3 and α4 ∼ β4. Thus, there exist r, s ∈ Sn such that r
−1α1α2α3r = β1β2β3 and
s−1α4s = β4. Choose τ ∈ Sn to be (r, α
−1
1 rβ1, α3rβ
−1
3 , s; ǫ). Then τ
−1σ1τ = (β1, β2, β3, β4; (123)) = σ2. If δ1 =
(1234) then, α1α2α3α4 ∼ β1β2β3β4 . Thus, there exists r ∈ Sn such that r
−1α1α2α3α4r = β1β2β3β4. Choose
τ ∈ Sn to be (r, α
−1
1 rβ1, α
−1
2 α
−1
1 rβ1β2, α4rβ
−1
4 ; ǫ). Then τ
−1σ1τ = (β1, β2, β3, β4; (1234)) = σ2. If δ1 = (12)(34)
then, α1α2 ∼ β1β2 and α3α4 ∼ β3β4. Thus, there exist r, s ∈ Sn such that r
−1α1α2r = β1β2 and s
−1α3α4s = β4.
Choose τ ∈ Sn to be (r, α
−1
1 rβ1, s, α
−1
3 sβ3; ǫ). Hence we obtain τ
−1σ1τ = (β1, β2, β3, β4; (12)(34)) = σ2. Therefore
in either case, σ1 ∼ σ2 in Sn ≀ S4.
3 The Classification
Suppose σ1 = (α1, α2, α3, α4; δ1) is an autoparatopism of Latin cube C. Then by theorem 2.3 we are able to confirm
the cases for σ2 in the following table are conjugate to σ1. Hence those become autoparatopisms of the Latin cube C
τ
by Lemma 2.2, where τ ∈ Sn ≀ S4 is the appropriate conjugating element in each case.
δ1 η σ2
ǫ identity map (α1, α2, α3, α4; ǫ)
(12) identity map (ǫ, α1α2, α3, α4; (12))
(13) (13)→ (12),(2)→ (3), (4)→ (4) (ǫ, α1α3, α2, α4; (12))
(14) (14)→ (12),(2)→ (3), (3)→ (4) (ǫ, α1α4, α2, α3; (12))
(23) (23)→ (12),(1)→ (3), (4)→ (4) (ǫ, α2α3, α1, α4; (12))
(24) (24)→ (12),(1)→ (3), (3)→ (4) (ǫ, α2α4, α1, α3; (12))
(34) (34)→ (12),(1)→ (3), (2)→ (4) (ǫ, α3α4, α1, α2; (12))
(123) identity map (ǫ, ǫ, α1α2α3, α4; (123))
(132) (132)→ (123), (4)→ (4) (ǫ, ǫ, α1α3α2, α4; (123))
(124) (124)→ (123), (3)→ (4) (ǫ, ǫ, α1α2α4, α3; (123))
(142) (142)→ (123), (3)→ (4) (ǫ, ǫ, α1α4α2, α3; (123))
(134) (134)→ (123), (2)→ (4) (ǫ, ǫ, α1α3α4, α2; (123))
(143) (143)→ (123), (2)→ (4) (ǫ, ǫ, α1α4α3, α2; (123))
(234) (234)→ (123), (1)→ (4) (ǫ, ǫ, α2α3α4, α1; (123))
(243) (234)→ (123), (1)→ (4) (ǫ, ǫ, α2α4α3, α1; (123))
(1234) identity map (ǫ, ǫ, ǫ, α1α2α3α4; (1234))
(1243) (1243)→ (1234) (ǫ, ǫ, ǫ, α1α2α4α3; (1234))
(1324) (1324)→ (1234) (ǫ, ǫ, ǫ, α1α3α2α4; (1234))
(1342) (1342)→ (1234) (ǫ, ǫ, ǫ, α1α3α4α2; (1234))
(1432) (1432)→ (1234) (ǫ, ǫ, ǫ, α1α4α3α2; (1234))
(1423) (1423)→ (1234) (ǫ, ǫ, ǫ, α1α4α2α3; (1234))
(13)(24) identity map (ǫ, ǫ, α1α3, α2α4; (13)(24))
(12)(34) (12)→ (13), (34)→ (24) (ǫ, ǫ, α1α2, α3α4; (13)(24))
(14)(23) (14)→ (13), (23)→ (24) (ǫ, ǫ, α1α4, α2α3; (13)(24))
Therefore, it is sufficient to determine the autoparatopisms of the forms (β1, β2, β3, β4; ǫ), (ǫ, β2, β3, β4; (12)),
(ǫ, ǫ, β3, β4; (123)),(ǫ, ǫ, ǫ, β4; (1234)) and (ǫ, ǫ, β3, β4; (13)(24)). Then by conjugating autoparatopisms in the each
form by every element in the group Sn ≀ S4, we are able determine all the autoparatopisms.
4 Concluding Remarks
The whole discussion of classifying autoparatopisms on Latin cubes depends on conjugates of autoparatopisms being
conjugates and cycle structure of the δ in the element σ = (α1, α2, α3, α4; δ) of Sn ≀ S4. These concepts can be care-
fully extended to a hypercube of any dimension d. The objective of determining the cycle structures of autoparatopisms
given a hypercube of order n and dimension d is still an open problem.
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